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Vibration of solid bodies with residual stresses has been attracting attention of researchers from different 
countries for a long ti me. Problems of residual stress analysis have its applications in ﬁelds of building,
mechanical engineering, aircraft construction, biomechanics, manufacturing of composite and function- 
ally-gradient materials. The most common model of residual stresses (or prestresses) is the homogeneous 
prestress state model; however, in fact the prestress state is often non-homogeneous under natural con- 
ditions. One of the most powerful nonde structive methods of reconstruction of non-homogeneous pre- 
stress state is the acoustical method.
In the present paper the direct problem formulations for 3D bodies and thin plates with non-homoge- 
neous prestress ﬁelds are described. A formulation of the inverse problem on a reconstruction of non- 
homogeneous prestress state is given on the basis of acoustic al method. The problem is reduced to the 
iterative process; at each step of the latter the direct problem and the integral Fredholm equation of 
the ﬁrst kind are solved. Two ways of obtaining operator equations of the inverse problem are presented 
for two oscillation regimes – in-plane and out-of-plane plate vibration modes. Numerical results of solv- 
ing the inverse problem on a reconstruction of the uniaxial prestress function in case of out-of-plane 
vibration for a thin rectangular plate are presented. Features and characteristics of the solutions obtained 
are revealed; the most auspicious conditions for a better quality of the identiﬁcation proce dure are 
pointed out.
 2013 Elsevier Ltd. All rights reserved.1. Introduction 
Stresses that exist in a solid without an application of any exter- 
nal (force or thermal) actions are termed residual stresses (or pre- 
stresses). Such stresses are usually the results of welding, heat 
treatment, rolling-a nd-pressing procedures and other manufac tur- 
ing processes . Also the residual stresses can arise from rigid con- 
nection of differing materials in contact area (Birger, 1963;
Chernishov et al., 1996 ).
At present the developmen t and perfectio n of prestress identiﬁ-
cation techniques is important task of solid mechanics. This is due 
to the fact that the presence of concentr ators or considerable het- 
erogeneities of residual stresses in a constructi on may cause signif- 
icant loss of durability or even a destruction of the construction. A
distinguishing feature of the residual stress is that its presence is 
not evident until a failure or a breakage occurs. On the other hand,
in special cases some types of residual stress state in the construc- 
tion may enhance its reliability and durabilit y during its exploita- 
tion. For this reason, sometimes the construction is advisedly 
exposed to the residual stresses at a fabrication stage (for example,
prestressed concrete ).ll rights reserved.
n@aaanet.ru (A. Vatulyan).Inve st ig atio ns on pr est re ss id ent iﬁcati on usi ng sem i-d est ru cti ve
methods have been actively conducted until now. Most of such 
methods are based on physical intrusion of an indentor inside a
body or even on its partial destruction . Among these methods 
there are multifarious variants of the hole-drilling method, the 
crack compliance method and others (Prime, 1999; Lee et al.,
2004; Švarˇícˇek and Vlk, 2007; Moharami and Sattari-Far, 2008 ).
In addition to the disadvantage of destructive peculiari ty, one more 
shortcom ing of such methods is physical limitation of setting sen- 
sors, strain indicators or indentor s nearby induced deformations.
However , over the last two decades a tendency of the prestress 
identiﬁcation techniques to shift away from semi-destr uctive 
methods towards promising non-dest ructive methods has been 
revealing itself. The most widespread non-dest ructive methods 
are the X-ray diffraction method (Larsson and Odén, 2004; Shiro 
et al., 2008 ), the acoustical method (Vatulyan, 2007b; Tovstik,
2009; He and Kobayashi, 2001; Guz, 2005; Sathish et al., 2005 )
and the ultrasound method (Karabutov et al., 2008; Vangi, 2001;
Sanderso n and Shen, 2010; Uzun and Bilge, 2011 ), the magneto -
acoustical emission (the magnetic Barkhaus en noise techniqu e)
(O’Sullivan et al., 2004; Yelbay et al., 2010 ), and the holograp hic 
techniqu e (Chernishov et al., 1996 ). Also it is worth noting the 
eigenstra in method (Cao et al., 2002; Jun and Korsunsky , 2010;
Korsunsky et al., 2006 ) and different mixed methods including 
1 This formula is based on the model of residual stress introduced by Guz (2002). It 
is worth noting another models commonly used by researchers (see Truesdell, 1972;
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od of nano-ind enting has been developed quite recently to investi- 
gate residual stresses in near-surface layers of a body (Zhu et al.,
2010; Dean et al., 2011 ). Besides experimental identiﬁcation tech- 
niques, the analytical approaches of residual stress identiﬁcation 
have been also developed (Schajer and Prime, 2006; Farrahi 
et al., 2009; Isakov et al., 2003; Xiong et al., 2009 ).
The X-ray diffraction methods are generally recognized as the 
most precise methods of measuring stresses near to the surface.
These methods are commonly used for checking other techniqu es.
But X-ray methods also have a number of disadvantages (Prime,
1999; Walker, 2001 ). One of the most powerful nondestructi ve 
methods of a reconstru ction of non-homogeneou s prestress state 
is the acoustical method. Its main advantages over the others 
methods are its inexpensivene ss (for instance, in comparis on with 
X-ray methods), the operations efﬁciency and its applicabi lity to 
various materials.
It should be noted that mostly the homogeneous prestress state 
model is used (Tovstik, 2009; Guz, 2005 ). However , the prestress 
state is often non-homog eneous in reality, and components of 
the prestress tensor depend on coordinates , especially near stress 
concentrator s such as cavities, cracks, insertions , weld seams and 
so on. At present there are many studies devoted to the prestress 
effect in areas of cracks and welds and to the methods on a preven- 
tion of defect growth (Lammi and Lados, 2011; Ihara et al., 2011;
Lee and Chang, 2011 ). One more important area of research closely 
related to the previous one is an effect of shot peening process and 
laser shock peening in defect regions on prestress ﬁeld in surface 
layers of a sample (Liu et al., 2011; Mylonas and Labeas, 2011;
Brockman et al., 2012 ).
In the present paper the theoretical research on opportunities of 
non-homog eneous prestress ﬁeld reconstructi on in thin elastic iso- 
tropic plates oscillating in in-plane and out-of-plan e regimes is 
conducted using the acoustical method. The prestress ﬁeld is char- 
acterized by the Piola stress tensor according to the linearized 
model described in (Guz, 2002 ). Weak and strong formulation s of 
direct problems for both vibration regimes are given. On the basis 
of linearization method the inverse problem is reduced to the iter- 
ative process (Vatulyan, 2010a ). At every step of this process the 
direct problem and the Fredholm integral equation of the ﬁrst kind 
with continuous kernel are solved.
The numerical calculations of solving the direct and inverse 
problems were made using the Finite Element Method in the pack- 
age ‘‘FreeFem++ ’’ (Hecht et al., 2009 ) and the Tikhonov regulariza- 
tion procedure in the programm ing language ‘‘Fortran’’. The series 
of numerical experiments on an identiﬁcation of smooth laws of 
uniaxial prestress state in rectangular plate is conducted. The most 
auspicious loading regimes and frequency ranges for the identiﬁca-
tion procedure are given.
2. Direct problem 
2.1. Formulation of steady-st ate vibration problem for 3D prestressed 
body
Consider steady-st ate vibration of elastic isotropic prestressed 
body with the boundary S ¼ Su [ Sr which is clamped at the 
boundary part Su and acted by the loading oscillatin g with the fre- 
quency x at the boundary part Sr. The linearized formulation of 
the boundary problem is given by 
Tij;j þ qx2ui ¼ 0;
Tij ¼ rij þ ui;mr0mj;
rij ¼ Cijkluk;l;
uijSu ¼ 0; TijnjjSr ¼ Pi;
8>><>>: ð1Þwhere ui – component s of displacemen t vector, Tij – component s of 
the non-sym metric Piola stress tensor,1 r0ij – compon ents of 
symmet ric prestress tensor, Cijkl – component s of elasticity tensor,
eij – componen ts of linear deformat ion tensor, i; j ¼ 1;2;3. The 
compon ents of the residual stress tensor satisfy equilibri um 
equations , i.e. r0ij;j ¼ 0.
2.2. Formulation of steady-state vibration problem for thin prestressed 
plate
Let us view steady-st ate vibration of thin elastic isotropic plate 
of volume V, boundary @V and thickness 2h, with arbitrary section 
outline. Denote a plane section in the middle level by S. Regarding 
@S ¼ l ¼ lu [ lr, the plate is clamped on the lateral surface part 
lu  ½h;h and it is acted by the loading oscillating with the fre- 
quency x at lr  ½h;h (Fig. 2).
The plate contains non-homog eneous 2D prestress ﬁeld, i.e.
only three components of the symmetric prestress tensor are 
nonzero:
r0abðx1; x2Þ– 0; a;b ¼ 1;2: ð2Þ2.2.1. In-plane vibration 
The problem of in-plane vibration of prestressed thin plate is gi- 
ven by the set which is similar to the formulat ion of the problem 
for 3D body (1), with the only difference that the indexes i; j take
on values just 1 or 2; instead of the third relation of the set the fol- 
lowing relation takes place:
rij ¼ kdijuk;k þ 2leij; ð3Þ
at that we consider plane stress state, i.e. k ¼ 2klkþ2l (next, the ‘‘star’’
will be omitted).
The weak formulation of the problem (1) is given by Z
lr
Piv idlr
Z
S
ðkui;iv j;j þ2leijðukÞeijðvkÞþui;mr0mjv i;j x2quiv iÞdS¼0;
ð4Þ
where v i are test functions satisfying the same essentia l conditio ns 
as the functions ui do (Vatulyan, 2008 ).
2.2.2. Out-of-plane vibration 
Let us take on the Kirchhoff–Love hypotheses for thin plates; we 
neglect the stress component r33, and consider that all the compo- 
nents of the displacement vector depend on one function 
w ¼ wðx1; x2Þ (Timoshenko and Woinowsky-Kri eger, 1959 ):
u1 ¼ x3w;1; u2 ¼ x3w;2; u3 ¼ w: ð5Þ
In the paper (Nedin and Vatulyan, 2011b ) the proper boundary 
problem formulat ion is derived using the hypotheses (5) and (2).
The stationar y vibration of the plate is caused by periodic forces 
with intensity qeixt , directed transversely to the plate plane and 
applied to the boundary part lr. The problem formulation then 
takes form of the following boundary problem:
DD2w þ 23 h
3ðr0mbw;amÞ;ab  2hr0abw;ab
2hqx2w ¼ 0;
wjlu ¼ 0; @w@n

lu
¼ 0; Gt jlr ¼ 0;
@
@s ðHtÞ  Nt
 
lr
¼ q:
8>>>><>>>>:
ð6ÞHoger, 1986; Robertson, 1998 ).
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3~Tabnanb
– bending moment at the boundary l, Ht ¼ 23 h
3ð~T2bnbn1  ~T1bnbn2Þ
– twisting moment at l, Nt ¼ D @ðDwÞ@n  23 h
3ðr0mbw;amÞ;bna
þ2hr0abnaw;b – shear force at l, eT ab ¼ kdabw;kk þ 2lw;ab þ w;amr0mb
(a;b; k;m ¼ 1;2), n1 and n2 – component s of the vector of normal 
to the boundar y l, @
@n and
@
@s – normal and tangentio nal derivatives 
to l relatively . Here we neglect the inertia of rotation in the equation 
and in the last boundar y conditio n.
The weak formulation of the problem (6) is given by Z
S
Dw;abv ;ab 
2
3
h3qx2rw  rv þ 2
3
h3r0mbw;amv ;ab

þ2hr0abw;av ;b  2hqx2wv
i
dS 
Z
lr
qvdlr ¼ 0; ð7Þ
where v is the test function satisfying the same essentia l conditions 
as the function w does.
2.3. Direct problem solving 
Solving, testing and analysis of the direct problems of in-plane 
and out-of-plan e vibrations of thin prestressed plate are given in 
Nedin and Vatulyan (2011a,b) in detail.
In both vibration cases the numerical solutions were obtained 
using FEM in the package ‘‘FreeFem++ ’’. To estimate the accuracy 
of FEM solutions, a comparison of the problem solution for a band 
plate (section shape is oblong rectangular with relation of sides 
a=b > 10) with the analytical solution of the problem in case of 
homogeneous characterist ics (the material parameters, the den- 
sity, the prestress tensor components ) is made. The comparison 
of the numerical and theoretical solutions showed high accuracy 
of the FEM results obtained.
Also an analysis of the prestress level inﬂuence on the fre- 
quency response function was made for rectangular plate for the 
ﬁrst and the second frequency ranges. A difference of frequency re- 
sponse functions turned out to be sufﬁcient enough to employ the 
prestress reconstructi on procedure; the discrepancy was most sig- 
niﬁcant near the resonant frequencies.
3. Inverse problem 
3.1. Formulation of inverse problem on non-homoge neous prestress 
identiﬁcation in 3D body 
Consider a solid body with characterist ics which are the same 
as those given in Section 2.1 and containing non-homogeneou s
prestress ﬁeld described by the components r0ijðx1; x2; x3Þ of the 
prestress tensor.
The inverse problem on an identiﬁcation of non-homogeneou s
prestresses in the body is given by the set (1). Now the unknown 
functions are r0ijðx1; x2; x3Þ; the known functions are the material 
parameters and the loading.
Also assume that some additional informat ion on the displace- 
ment ﬁeld is given. Note, that the most popular ways of its assign- 
ment: setting the displacemen t ﬁeld ui inside the area for a ﬁxed
frequency, or setting the displacemen t ﬁeld ui at the boundary part 
for a limited number of frequenc ies xk 2 ½x;xþ. The inverse 
problem is linear in the ﬁrst case, and it’s nonlinear in the second 
one (Vatulyan, 2010b, 2007b ). Let us consider the second way of 
the additional informat ion assignment :
fuijSrgk;xk 2 ½x;xþ; k ¼ 1;m:
The problem is to identify the functions r0ij on the basis of the infor- 
mation given.3.2. Derivatio n of inverse problem equation 
3.2.1. In-plane vibration 
Let us view the inverse problem on prestress identiﬁcation for a
plate in case of in-plane vibration. In this section we use one of the 
methods of derivation of the operator equation for inverse problem 
solving based on weak formulat ion of direct problem.
For that let us take the weak formulation (4) of the direct prob- 
lem (1):
Aðr0;u;vÞ  BðvÞ ¼ 0;
where the corresp onding bilinear and linear forms are 
Aðr0;u;vÞ ¼
Z
S
ðkui;iv j;j þ 2leijðukÞeijðvkÞ þ ui;mr0mjv i;j
x2quiv iÞdS;
BðvÞ ¼
Z
lr
Piv idlr:
Let us ﬁx two states (conditions) correspond ing to the following 
sets of characteri stics: (1) uð1Þi , r
0ð1Þ
ij ; (2) u
ð2Þ
i , r
0ð2Þ
ij .
Consider the equality 
Aðr0ð1Þ;uð1Þ; uð2ÞÞ  Aðr0ð2Þ; uð2Þ;uð1ÞÞ ¼ Bðuð2ÞÞ  Bðuð1ÞÞ: ð8Þ
After reorganizi ng the left-hand side of (8) we have:
Aðr0ð1Þ;uð1Þ; uð2ÞÞ  Aðr0ð2Þ; uð2Þ;uð1ÞÞ
¼
Z
S
ðkuð1Þi;i uð2Þj;j þ 2leijðuð1Þk Þeijðuð2Þk Þ þ uð1Þi;mr0ð1Þmj uð2Þi;j x2quð1Þi uð2Þi ÞdS

Z
S
ðkuð2Þi;i uð1Þj;j þ 2leijðuð2Þk Þeijðuð1Þk Þ þ uð2Þi;mr0ð2Þmj uð1Þi;j
x2quð2Þi uð1Þi ÞdS
¼
Z
S
ðuð1Þi;mr0ð1Þmj uð2Þi;j  uð2Þi;mr0ð2Þmj uð1Þi;j ÞdS:
The right-hand side of (8) takes form:
Bðuð2ÞÞ  Bðuð1ÞÞ ¼
Z
lr
Piðuð2Þi  uð1Þi Þdlr:
Therefor e, the equality (8) becomesZ
S
ðuð1Þi;mr0ð1Þmj uð2Þi;j  uð2Þi;mr0ð2Þmj uð1Þi;j ÞdS ¼
Z
lr
Piðuð2Þi  uð1Þi Þdlr: ð9Þ
Let us use the lineariza tion method in the following form:
r0ð2Þij ¼ r0ð1Þij þ dr0ij; uð2Þi;j ¼ uð1Þi;j þ dui;j; ð10Þ
where dr0ij, dui;j are corrections to the correspondi ng functions.
Substitutin g the expressions (10) into the integrand of the left-hand 
side of Eq. (9) we obtain:
uð1Þi;mr
0ð1Þ
mj u
ð2Þ
i;j  uð2Þi;mr0ð2Þmj uð1Þi;j ¼ uð1Þi;mr0ð1Þmj ðuð1Þi;j þ dui;jÞ  ðuð1Þi;m
þ dui;mÞðr0ð1Þmj þ dr0mjÞuð1Þi;j
¼ uð1Þi;mr0ð1Þmj uð1Þi;j þ uð1Þi;mr0ð1Þmj dui;j
 uð1Þi;mr0ð1Þmj uð1Þi;j  uð1Þi;mdr0mjuð1Þi;j
 dui;mr0ð1Þmj uð1Þi;j  dui;mdr0mjuð1Þi;j : ð11Þ
By simplify ing (11) and neglecting nonlinea r items we have 
uð1Þi;mr
0ð1Þ
mj u
ð2Þ
i;j  uð2Þi;mr0ð2Þmj uð1Þi;j ¼ uð1Þi;mdr0mjuð1Þi;j :
Hence, the equality (8) becomes
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S
uð1Þi;mdr
0
mju
ð1Þ
i;j dS ¼
Z
lr
Piðuð1Þi  uð2Þi Þdlr; ð12Þ
at that i; j;m ¼ 1;2.
Remark. Such method of derivation the equations for solving 
various inverse problems is general because it implies considering 
two physically-differ ent states of the problem. In paper (Dudarev
and Vatulyan, 2011 ) the equality (12) was obtained without ﬁxing
two states.
Denote uð2Þi ¼: fi at lr. By expanding the sum in the left-hand 
side of (12) we ﬁnally have Z
S
ðdr011½ðuð1Þ1;1Þ2 þ ðuð1Þ2;1Þ2 þ 2dr012 ½uð1Þ1;1uð1Þ1;2 þ uð1Þ2;1uð1Þ2;2
þ dr022½ðuð1Þ1;2Þ2 þ ðuð1Þ2;2Þ2ÞdS
¼
Z
lr
Piðuð1Þi  fiÞdlr: ð13Þ3.2.2. Out-of-plane vibration 
Let us consider the inverse problem on prestress identiﬁcation
for a plate oscillating in out-of-plane regime. In Section 3.2.1 the
operator equation of the inverse problem was derived in in-plane 
case on the basis of weak formulat ion of the problem. We should 
mention that this is not the only way of derivation of operator 
equations. In this section the operator equation for out-of-plan e
vibration case will be derived from the corollary of the generalized 
reciprocity relation constructed in the paper (Vatulyan, 2007a ):Z
V
dr0mju
ð1Þ
i;mu
ð1Þ
i;j dV þ
Z
Sr
Piðfi  uð1Þi ÞdSr ¼ 0; ð14Þ
where dr0mj are correction s to the unknow n prestress functions,
fi ¼ uð2Þi is known displace ment ﬁeld on the bound ary part Sr (the
superscrip t (1) describin g the state will be omitted below),
i; j;m ¼ 1;2;3.
Remark. This relation is given for the case of 3D body considered in 
Section 2.1 (see Fig. 1). Also note that it has the same form as (12).
The relation (14) binds together the known and unknown 
problem parameters.
Now let us use the hypotheses for thin plate (5) and consider 
the case of 2D prestress state (2). Therefore the ﬁrst item of the 
relation (14) takes the following form:Fig. 1. 3-Dimensional solid body with the boundary S ¼ Su [ Sr . The periodic forces 
Peixt are applied at Sr; the body is clamped at Su .
Fig. 2. On the left: the picture of 3D plate of volume V, boundary @V and thickness 
2h. On the right: the plate section of area S and boundary @S ¼ l ¼ lu [ lr .Z
V
dr0mjui;mui;jdV ¼
Z
V
½dr011ðu21;1 þ u22;1 þ u23;1Þ þ 2dr012 ðu1;1u1;2
þ u2;1u2;2 þ u3;1u3;2Þ þ dr022ðu21;2 þ u22;2 þ u23;2ÞdV
¼
Z
V
½dr011ðx2w;211 þ x2w;221 þ w;21Þ
þ 2dr012 ðx2w;11w;12 þ x2w;21w;22 þ w;31w;32Þ
þ dr022ðx2w;212 þ x2w;222 þ w;232 ÞdV
¼
Z
S
dr011
2
3
h3ðw;211 þ w;212 Þ þ 2hw;21
 
þ 2dr012 
2
3
h3w;12Dw þ 2hw;1w;2
 
þ dr022
2
3
h3ðw;212 þ w;222Þ þ 2hw;22
 
dS:
Taking into account the way of plate loading, ﬁnally the opera- 
tor relation (14) for the out-of-plan e vibration regime of thin pre- 
stressed plate takes form Z
S
dr011
2
3
h3ðw;211 þ w;212 Þ þ 2hw;21
 
þ 2dr012 
2
3
h3w;12Dw þ 2hw;1w;2
 
þ dr022
2
3
h3ðw;212 þ w;222Þ þ 2hw;22
 
dS ¼
Z
lr
qðw  f ÞdS: ð15Þ
Let us view the case of the uniaxial pre-tension along the axis 
x1, when the only one nonzero component of the prestress tensor 
is r011. As a result of the fact that the prestress tensor satisﬁes
the equilibriu m equations, the function r011 depends on only the 
coordina te x2. In that case the relation (15) becomesZ
S
dr011
2
3
h3ðw;211 þ w;212 Þ þ 2hw;21
 
dS ¼
Z
lr
qðw  f ÞdS: ð16Þ3.3. Numerical experimen ts 
3.3.1. Description 
Consider inverse problem on uniaxial non-homog eneous pre- 
stress identiﬁcation for rectangular thin plate in out-of-plate oscil- 
lation regime (Fig. 3).
The problem takes form (6); at that the known functions are 
plate dimensio ns a; b and h, material parameters – cylindrical 
rigidity D and density q, and load intensity q. Let us set a problem 
on an identiﬁcation of the law of variation r011ðx2Þ. As additional 
informat ion we use the data on the displacement ﬁeld w at the 
boundary part lr in a set of frequenc ies xk 2 ½x;xþ.Fig. 3. The rectangular thin plate with the uniaxial non-homogeneous prestress 
r011. The uniformly distributed periodic load at the boundary part produces the out- 
of-plate oscillation regime.
Fig. 4. Flow block of the iterative process of solving the inverse problem.
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ered when additional information containe d the data on displace- 
ment ﬁeld w in the hole area S. In that case, the inverse problem is 
linear and it may be reduced to a single solving of the integral 
Fredholm equation of the ﬁrst kind. In present paper we deal with 
nonlinear inverse problem on the uniaxial non-homogeneou s
prestress identiﬁcation just for the out-of-plate vibration regime.
The case of in-plane vibration was considered in Nedin and 
Vatulyan (2011a).2 Generally, the solving of the integral Fredholm equation of the ﬁrst kind Z b
a
Kðx; sÞuðsÞds ¼ f ðxÞ; x 2 ½c;d
(where Kðx; sÞ is a continuous kernel, f ðxÞ is a given function, and 
uðsÞ is an unknow n function) is well known to be an ill-pose d prob- 
lem, therefore one cannot ﬁnd its solution correctly by ordinary 
methods. Tikhonov proposed to understand by its solution the func- 
tion uðsÞ which minimize the following functional 
Ma½u ¼
Z d
c
Z b
a
Kðx; sÞuðsÞds  f ðxÞ
" #2
dx þ a
Z b
a
u2ðsÞds; a > 0;
if we only know that uðsÞ is continu ous on ½a; b. Tikhonov proved 
that such problem is solvable and it has unique solution. The value 
a called regularization paramete r (in most cases this value is small:
a ¼ 104  108). For more detail see Tikhonov and Arsenin (1979).3.3.2. Reduction of the inverse problem to the iterative process 
The inverse problem formulated belongs to the class of ill-posed 
problems. One of the most efﬁcient methods of its solving is the 
method of iterative processes (Vatulyan, 2010a ).
Let us use the relation (16) obtained and represent it in the fol- 
lowing form:Z b
0
Kðn1Þðx2;xÞdr0ðnÞ11 ðx2Þdx2 ¼ Fðn1ÞðxÞ; x 2 ½x;xþ; ð17Þ
where
Kðn1Þðx2;xÞ ¼
Z a
0
2
3
h3ððw;ðn1Þ11 Þ2 þ ðw;ðn1Þ12 Þ2Þ þ 2hðw;ðn1Þ1 Þ2
 
dx1;
ð18Þ
Fðn1ÞðxÞ ¼
Z
lr
qðwðn1Þ  f ÞdS; ð19Þ
lr ¼ fx1 2 ½0; a; x2 ¼ 0g [ fx1 2 ½0; a; x2 ¼ bg [ fx1 ¼ a; x2 2 ½0; bg.
Here, in round brackets the iteration number is indicated. For a
given value n the relation (16) can be considered as the integral 
Fredholm equation of the ﬁrst kind depending on the correctio n
dr0ðn1Þ11 ðx2Þ to the unknown uniaxial prestress function. On the ba- 
sis of the formulat ed equation (17) one can construct the iterative 
process of solving the inverse problem. The process is represented 
in the form of ﬂow block in Fig. 4. Its brief description is given 
below.
First of all, the automatic search of initial approximation of the 
unknown uniaxial prestress function r011ðx2Þ is fulﬁlled (for in- 
stance, in class of constant s or linear functions) (see next section).After that the iteration process consisting of three steps occurs 
as follows.
Step 1. The direct problem (6) is solved for r0ðn1Þ11 ðx2Þ (that
means the ðn  1Þ-approximati on of the function r011ðx2Þ), using 
the FEM in the package FreeFem+ +. As a result the displacemen t
ﬁelds wðn1Þk ðx1; x2Þ are calculated for m frequenc y values xk,
k ¼ 1;m. At the ﬁrst iteration (n ¼ 1) the direct problem is solved 
for the initial approximat ion r0ð0Þ11 ðx2Þ selected automatically for 
the function to identify.
Step 2. The integral Fredholm equation of the ﬁrst kind (17) is
solved, and the correction dr0ðnÞ11 ðx2Þ to the current approximat ion 
of r011ðx2Þ is calculated in the set of points fx2gi 2 ½0; b. At that 
the additional information for solving the inverse problem is con- 
tained in the function f ðxkÞ ¼ wjlr ðxkÞ, which is given point by 
point for several frequency values xk, k ¼ 1;n (this function char- 
acterizes the displacements measure d under the load in evenly dis- 
tributed set of points at the boundary part lr). The solving of the 
equation (17) is implemented using the Tikhonov regularization 
procedure2 which is realized by means of progra mming language 
Fortran in the module linked to the package FreeFem+ +.
Step 3. The current approximat ion of the function to identify is 
redeﬁned by formula r0ðnÞ11 ¼ r0ðn1Þ11 þ dr0ðnÞ11 , where dr0ðnÞ11 is the cor- 
rection calculated at the Step 2.
Fig. 5. Parallelepiped domain for the coefﬁcients a and b.
Fig. 6. Plate dimensions: a ¼ 2 m, b ¼ 1 m, h ¼ 0:1 m, exact prestress function 
r011ðx2Þ ¼ 800ðsinpx2=50  1:2Þ. Number of iterations – 10.
Fig. 7. Plate dimensions: a ¼ 2 m, b ¼ 0:5 m, h ¼ 0:1 m, exact prestress function 
r011ðx2Þ ¼ 800ðsinpx2=50  1:2Þ. Number of iterations – 35.
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ﬁned correction r0ðnÞ11 , and so on until the completion condition is 
satisﬁed.
As a completion condition one can choose a minimizatio n of the 
discrepancy functional 
F ¼ kFðnÞðxÞk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃXm
i¼1
FðnÞðxiÞ2
vuut < e;
where FðnÞðxÞ was deﬁned by (19) previously, e is the accura cy pre- 
scribed, m is the number of frequencies (Fig. 4).
3.3.3. Initial approximatio n search 
In this section one way of initial approximat ion search is given 
for the event that the initial approximat ion of the unknown pre- 
stress function is searched in the form of linear function 
r0ð0Þ11 ðx2Þ ¼ aþ bx2. Assuming the priori information about the 
boundedness of the prestress function is known 
M 6 r0ð0Þ11 ðx2Þ 6 M;
we have 
M 6 aþ bx2 6 M;
0 6 x2 6 h:

ð20Þ
This set forms the domain for the coefﬁcients a and b on the 
compact set – the parallelepiped with vertexes 
M; 2Mh

 
; ðM;0Þ; M; 2Mh

 
; ðM;0Þ  (Fig. 5).
After minimizing the functional 
F ! min;
the selection of proper pair a and b is made on the grid of the do- 
main, to construct the initial approx imation.
3.3.4. Numerical results 
The series of numerical experime nts on an identiﬁcation of the 
uniaxial non-homog eneous prestress function r011ðx2Þ in a rectan- 
gular plate was conducted (Fig. 3). The various classes of functions 
to identify were considered – monotonous and non-monotone (lin-
ear, polynomial, exponential , trigonometr ical and more compli- 
cated analytical dependences ). At that the vibration frequencies 
x of load applied were selected from the three frequency ranges:
below the ﬁrst resonant frequency (the ﬁrst range), between the 
ﬁrst and the second resonants (the second range), and between 
the second and the third resonant (the third range). In all the 
experiments the prestress levels max jr011ðx2Þj were chosen in such 
a way that the relation max r
0
11
E (E – Young modulus) changed in the 
range 10 5  103. The unknown prestress function was identiﬁed
in the form of its values in a set of points evenly distributed in the 
domain x2 2 ½0; b. In the experiments below the number of points 
is 12. As the additional information of the inverse problem we used 
values of the function f ðxÞ from the Eq. (19) in set of points distribut ed at the loaded part lr of the plate boundary. The best 
reconstru ction results were achieved when consideri ng 10 points 
at each of three loaded plate sides forming lr (see computational 
results below). Mostly, when increasing or decreasing this number 
of points, the descrapancy of the reconstructi on obtained 
increased.
In the problem of an identiﬁcation of the uniaxial non-homog e- 
neous prestresses in a plate in case of out-of-plan e vibration re- 
gime, one can see the same tendencies as in case of in-plane 
vibration s given in Nedin and Vatulyan (2011a).
First of all, in most cases of numerical experiments a small dete- 
rioration of the identiﬁcation of the unknown function r011ðx2Þ at
Fig. 8. Plate dimensions: a ¼ 2 m, b ¼ 0:5 m, h ¼ 0:1 m, exact prestress function 
r011ðx2Þ ¼ 800ðsinpx2=50  1:2Þ. Number of iterations – 20.
Fig. 9. Reconstruction result with 5%-noisy measurement data. Plate dimensions:
a ¼ 2 m, b ¼ 1 m, h ¼ 0:1 m, exact prestress function r011ðx2Þ ¼ 800ðsinpx
2=50  1:2Þ. Number of iterations – 13.
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mistake at the ends exceeded 20%, while in the distance from the 
ends it changed within the limits 1–10%. Such deteriorati on of 
the inverse problem solution is principally connected with the fact 
that at every step of the iterative process the numerica l calcula- 
tions of the second partial derivatives of FEM displacemen t func- 
tions ui being included in the kernel (18) of the integral equation 
(17) occur; such an operation is known to be an ill-posed problem.
It is worth noting that the kernel itself does not tend to zero near 
the ends of the segment x2 2 ½0; b. In the event that the values of the function to identify at the segment ends are considered to be 
given, the identiﬁcation quality about the ends signiﬁcantly
increased.
Secondly , almost for all the examples viewed, the best recon- 
struction results were obtained while considering the second and 
the third frequency ranges, rather than the ﬁrst one.
The numerical results for the reconstructi on of the uniaxial 
stresses r011ðx2Þ are given below (Figs. 6–8) for the following plate 
paramete rs: E ¼ 1:96  1011 Pa, m ¼ 0:29, q ¼ 7:8  103 kg/m3. The 
identiﬁcation results are presented for the second frequency range.
The function values r011ðx2Þ at the ends x2 2 ½0; b were accepted to 
be given. The ﬁrm line denotes exact function r011ðx2Þ, the small 
squares – identiﬁcation result. The error value d was calculated 
in percent by the formula jr
0
11ðx2Þr011ðx2Þj
maxx22½0;b ðjr
0
11ðx2ÞjÞ
100%, where r011ðx2Þ is
the reconstructed law of variation of the prestress, r011ðx2Þ is the 
exact one.
Also the effect of measure ment error on the identiﬁcation accu- 
racy was investigated. To do this, the perturbation of function f ðxÞ
was induced as follows:
~f ðxÞ ¼ f ðxÞ þ cARðxÞ;
where c is the paramete r which denotes a noise degree, A is charac -
teristic amplitud e of the function f ðxÞ, RðxÞ is random function 
with maximum amplitud e less or equaling one. As an example, in 
Fig. 9 the computation result for c ¼ 0:05 is given. The prestres s
function is selected in the same way as in Fig. 6. The maximum dis- 
crepancy of the reconstructio n in this case does not exceed 11%.4. Conclusion 
The formulation s of direct problems of steady-state vibration of 
thin elastic isotropic plates with non-homog eneous residual stres- 
ses are presente d in cases of in-plane and out-of-plan e vibration 
regimes. The operator equations of inverse problems for both 
vibration cases are derived. The iterative process of solving the in- 
verse problem is described . The series of numerical experime nts on 
an identiﬁcation of uniaxial non-homogeneou s residual stresses in 
rectangu lar plate oscillating in out-of-plane regime is conducted.
The recommendati ons on a selection of the most effective probe 
regimes are given.Acknowled gments 
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